We investigate the impact penetration of spheres into granular media which are compositions of two discrete size ranges, thus creating a polydisperse bimodal material. We examine the penetration depth as a function of the composition (volume fractions of the respective sizes) and impact speed. Penetration depths were found to vary between δ = 0.5D 0 and δ = 7D 0 , which, for mono-modal media only, could be correlated in terms of the total drop height, H = h + δ, as in previous studies, by incorporating correction factors for the packing fraction. Bimodal data can only be collapsed by deriving a critical packing fraction for each mass fraction. The data for the mixed grains exhibit a surprising lubricating effect, which was most significant when the finest grains , with a size ratio, = d l /d s , larger than 3 and mass fractions over 25%, despite the increased packing fraction. We postulate that the small grains get between the large grains and reduce their intergrain friction, only when their mass fraction is sufficiently large to prevent them from simply rattling in the voids between the large particles. This is supported by our experimental observations of the largest lubrication effect produced by adding small glass beads to a bed of large sand particles with rough surfaces.
I. INTRODUCTION
In many experiments, and indeed simulations, of granular impact phenomena, the key characteristic of the granular media is that it is monomodal, with a distinct peak size and a relatively narrow size distribution, whereas most naturally occurring granular media are polydisperse with large distributions in both size and shape [1, 2] . In order to derive the key physical mechanisms and properties governing impact-related phenomena such as crater formation, a number of studies [3] [4] [5] [6] have focused on a simple experiment-namely-the impact of a sphere onto a static granular bed in order to assess the penetration depth of the sphere and size of the resulting crater using model granular materials. In addition, a number of studies focus on the temporal evolution of forces acting within the granular medium and on the impactor [7] [8] [9] [10] [11] , while others have paid attention to the ejecta formations in various impact experiments [12] [13] [14] [15] [16] . For shallow penetrations, where δ = O(D 0 ) [see Fig. 1(a) ], the works of Durian and co-workers [3, 6, 17, 18] provide authoritative sources of the various scalings for this key measurement and can generally be summarized in terms of the impactor density, diameter, and fall height (ρ 0 , D 0 , and h, respectively) as
showing that the depth varies linearly with the impact speed V 0 ∼ h 1/2 . Here, δ 0 ≡ δ(V 0 = 0). Similarly, in terms of the total drop distance, H = h + δ,
where ρ g indicates the bulk density of the granular bed and μ = tan θ r is the friction coefficient, where θ r is the angle of * Corresponding author: jeremy.marston@ttu.edu repose of the granular material. de Bruyn and Walsh [19] used various sizes of glass beads and initial packing fractions to elucidate the influence of the bulk density of the bed, finding that the correction factor (1 − φ/φ c ) was needed to collapse their data for δ versus H in Eq. (2) . Here φ is the packing fraction and φ c is a critical packing fraction [8] (close to the random close packing limit). Scalings for deeper penetrations generally take the form δ/D 0 ∝ (ρ 0 /ρ g ) β (H/D 0 ) α , where both exponents are found to be dependent on the geometry of the container and, in particular, the container-to-sphere diameter ratio [20] . Recently, the effect of cohesion by mixing glass beads with water was studied [21, 22] , showing that the penetration depth exhibited a nonmonotonic dependence on the initial moisture content in the granular bed, whereby the cohesion from interparticle liquid bridges can play a dual role of creating a lower bulk density but also more internal friction, depending on the grain size and impact speed. In this sense, altering the composition of the bed can either "lubricate" or "stiffen" the granular bed. In this communication, we thus seek to extend the premise of lubricating the granular media [21, 22] and pose the fundamental question: can smaller grains be used to lubricate the impact and increase penetration into granular material?
II. EXPERIMENTAL SETUP
To render a bimodal granular material, we mix two discrete size ranges together from a selection of four sizes: three glass bead media used have volume-based mean diameters of d 4,3 = 520, 178, and 31 μm, respectively, with (d 10 measure of polydispersity can be given by S = (d 90 − d 10 )/d 50 = 0.25, 0.61 and 0.9, respectively, showing that the smallest beads have a higher relative polydispersity [13] .
In addition, Ottawa sand (Fisher Scientific) was used with a mean size of d m = 350 μm, S = 0.33, density ρ g ≈ 2.65 kg/m 3 , and mean circularity C ≈ 0.81, indicating a more irregular shape [see Fig. 1(b) ].
The angle of repose was measured by slowly flowing a stream of the granular material in question through a funnel and measuring the value of the angle formed with the horizontal immediately before the cone-shaped pile would break and avalanche. The angle of repose was found to be θ r = 24
• , 30
• , and 35
• for the 520-, 178-, and 31-μm glass beads, respectively, while the mixtures all exhibited values of θ r between 33
• and 38
• . For reference trials with the single size ranges the grains are poured into a square container (D c = 9 cm, H c = 20 cm) and then either scraped level or tapped for 1 min and then scraped level. We then release a steel (ρ 0 = 7800 kg/m 3 ) or tungsten (ρ 0 = 14000 kg/m 3 ) sphere with a diameter of D 0 = 2 cm from set release heights of h 1.6 m to impact on the granular beds with impact speed V 0 ≈ √ 2gh, which is measured using a high-speed video camera. The penetration depth δ is measured from the initial bed surface to the bottom of the sphere and the total drop height is defined as H = h + δ. These are shown graphically in Fig. 1(a) . Note that D C /D 0 = 4.5, which is below the critical ratio of 5 identified by Seguin et al. [20] . However, this is fixed for all experiments; thus the context of our analysis and discussion is independent of geometrical influence.
The larger grains are mixed with the smaller grains in numerous set mass fractions of M = m small /(m large + m small ) between 2.5 and 70%. For the bimodal mixtures, we do not use tapping in order to minimize any effects of size segregation. To increase the packing fractions of these mixtures, we overfill the container and compress the surface with a weighted plate as in previous studies [13] . Figure 2 shows the raw data for the penetration depth versus the impact speed for all three single size ranges of glass beads used in the experiment: Figure 2 (a) for the lower packing fractions obtained by pouring the beads loosely into the container and Fig. 2(b) for the higher packing fractions obtained by tapping. These trends, while linear and monotonic, reveal some interesting basic observations. First, in Fig. 2(a) , there is little difference between the two larger grain sizes (520 and 178 μm) with φ ≈ 0.6, while we observe at least a twofold increase in penetration depth for the finest grains with a lower packing fraction of φ ≈ 0.5. In contrast, for the higher packing fractions in Figure 2 (b), all three grain sizes exhibit very similar penetration depths, indicating that particle size becomes less important at higher initial packing fractions. We may interpret these observations in the context of a critical packing fraction, φ * ≈ 0.6, found by Umbanhower and Goldman [8] and Royer et al. [23] , whereby the impact can bring about local fluidization for φ > φ * , but local compaction for φ < φ * , which may partly explain the slightly deeper penetration for d 4, 3 = 520 μm at φ = 0.64 than for d 4,3 = 31 μm at φ = 0.58 for the compacted grain in Fig. 2(b) , the effect of S notwithstanding. Air-mediated effects (e.g., Refs. [24, 25] ) may also be important for the finest grains at low packing fraction, since it is known that the interstitial air plays a significant role on the drag on a sphere. This was best demonstrated by Royer et al. using x-ray imaging [26] , showing drag increases as the ambient pressure decreases.
III. RESULTS

A. Monodisperse material
In all cases, we find that the data exhibits a linear dependence on impact speed, which can be modeled simply by δ = δ 0 + α 1 V 0 , where δ 0 represents the penetration depth for zero release height (i.e., where the linear fit cuts the y axis) and α 1 is a constant for each data set with units of time. Physically, this could be thought of as an average "stopping time." These trend lines have been included in the plots. For all eight data sets, we find that δ 0 ≈ 0.8-1.5 cm, while the slope α 1 varies considerably from 0.59 s for the higher packing fraction to 3.97 s for the lower packing fraction, both with the finest grains (d 4,3 = 31 μm). In a fashion similar to that of de Bruyn and Walsh [19] , upon inspection of the slopes α 1 as a function of φ, we can deduce the critical value φ c = 64.5%, very close to the random close packing fraction φ rcp ≈ 64%. Using the correction factor (1 − φ/φ c ), we show that the data can be approximately described by the scaling δ ∼ H 1/3 observed previously [6, 17, 19] , as shown in Fig. 2(c) , the effects of air notwithstanding. Figure 3 plots the equivalent penetration data obtained for three different bidisperse mixtures over a wide range of mass fractions M from 2.5% to 70%. The two components in each mixture are of different size ratios: in Fig. 3(a) we mix 178-μm glass beads in 520-μm glass beads, for a size ratio of 2.9, while in Fig. 3(b) we use 31-μm grains in 178-μm grains giving a size ratio of 5.7. Finally, in Figure 3 (c) we study the largest size ratio of 17, with a mixture of the smallest 31-μm grains in the largest 520-μm grains. In all three cases, the data are plotted alongside the trend lines for penetration into beds of the individual grains in the composition [from Fig. 2(a) ]. For the smallest size ratio, in Fig. 3(a) , the addition of the small grains does not significantly affect the penetration depth into the mixture, regardless of the mass fractions. This changes drastically when the size difference between the two grains becomes larger [see Figs. 3(b) and 3(c) ]. For small mass fractions (M 20 %) in Fig. 3(b) and M 15% in Fig. 3(c) there are no significant effects on the penetration depth. However, at larger mass fractions the smaller grains produce a strong effect as is clear by how quickly the penetration depth approaches that for the pure 31-μm grains. Most striking is the data for M = 50% in Fig. 3(b) , which shows the penetration depths actually exceeding the trend line for the smaller grains, despite having significantly higher packing fractions. The same trend is observable in Fig. 3(c) , again 50% reaches the pure smaller grain dynamics and 70% slightly overshoots the penetration depth for pure small grains.
B. Bidisperse material
C. Irregular grains
Based on the above results, we postulate that the principal mechanism for this lubrication is the smaller grains getting into the gaps between the larger grains, thereby propping them apart, promoting airflow fluidization and causing lubrication effects. If reduced friction between the larger grains is at play, then this effect should be even more dramatic for large grains which have rough surfaces, where intergrain friction should be larger to start with and can be reduced even more by the small interlopers.
This conjecture is indeed confirmed by the data in Fig. 4 , where we mixed the three aforementioned grains with a fourth granular material (Ottawa sand, d m = 350 μm) which has a much more irregular shape with C ≈ 0.81 [ Fig. 1(b) ]. All three mixtures are at M = 25% and each induces a packing fraction higher than that of the pure Ottawa sand, φ = 56.5%; however each mixture leads to a higher penetration depth. The effect is relatively small, but consistent for the mixtures involving the 178-and 520-μm grains, but quite dramatic for the 31-μm grain with a doubling of the penetration depth for the higher velocities. This interesting observation is consistent with the data in Figs. 3(a), 3(b) , and 3(c) and also fits with previous conclusions regarding the initial packing state relative to the critical packing state [8, 23] .
We thus propose that lubrication in a bidisperse mixture stems from fluidization and depends on the size ratio of the two grains used in the mixture defined as = d large /d small [27] . In the studied Ottawa mixtures, the size ratios are = 1.5, 2, and 11.3 for the mixtures of Ottawa sand with 520, 178, and 31 μm, respectively. In the glass bead mixtures, the size ratios are = 2.9, 5.7, and 17. From inspection of the data, we could thus tentatively conclude that the size ratio must exceed a threshold of * ≈ 3 for significant lubrication effects to take place.
D. Effect of packing fraction
A recent study of bidisperse mixtures [28] found that the inclusion of "rattlers" (i.e., small particles with a large size ratio between large and small particles) fills in the voids between large particles and dramatically increases the critical packing fraction. However, it is unclear how the rattlers affect the dynamical response of the granular material to impact, for example, or how they affect the interstitial forces between grains. Our study here indicates that the inclusion of fine grains into a bed of larger grains brings in the influence of ambient air and local fluidization, which has been observed previously for dense spheres impacting onto granular beds [23] [24] [25] and in falling granular streams [29, 30] . The influence of ambient air only appears to be significant for finer grains (Geldart group A), such as the smallest particles used here with d p = 31 μm, and is typically not present for larger grains (Geldart group B, typically with mean diameter between 40 and 500 μm), such as the larger grains used here with d p = 178 and 520 μm, according to Geldart's classification [31] .
In order to study directly the effect of the packing fraction for a given mixture, we use 31-μm grains in 178-μm grains at two fixed mass fractions of M = 30% and 70%, shown in Figs. 5(a) and 5(b), respectively. The increase of the packing fraction was achieved by overflowing the container with the mixture and compressing the surface with a weighted plate [13] , as described in the experimental section of this paper. The results for both are consistent in that the penetration depth is reduced as the initial packing fraction increases. The most dramatic reduction is for M = 70% at φ = 60.7%, shown in Fig. 5(b) , where the penetration depth is substantially reduced from the trend line for the 178-μm grains.
This can also be viewed for the smaller mass fraction in Fig. 5(a) , during the inclusion of small grains, where the same effect arises at a higher packing fraction. As such, this would indicate that the inclusion of larger grains into the smaller grains can dramatically reduce the penetration depth at high packing fractions.
E. Combined scaling
Given the nonlinear dependence of the packing fraction upon the mass fractions in the composite granular materials and increased or decreased penetration with higher packing fractions, a single-valued critical packing state cannot be 052902-4 derived for these experiments to generate scaling laws to collapse the data, such as that shown in Fig. 2(c) for monodisperse grains. Using the scaling for H shown in Eq. (2) and Fig. 2(c) , with a single critical packing fraction φ c derived using the approach of Ref. [19] for each mixture, fails to collapse the data. Nonetheless, a single critical value for each mixture, φ ci , could be empirically deduced, and all the bidisperse data presented collapse while using the 1 − φ/φ ci factor and are shown to follow a line of slope 1/3 in Fig. 6 . In this collapse, φ c is now a fitting parameter, found in Fig. 7 . In each mixture case, φ ci is seen to initially follow the trend line of the measured packing fraction φ, which was previously reaches ∼25%, φ ci saturates to a constant value, while the experimental values of φ decrease (Fig. 7) . The experimental values of φ therefore exhibit a maximum, which confirms the theoretical trend suggested by the simulation of Santiso and Müller [27] . They proposed that the value of the packing fraction in a bidisperse bed follows the equations
where w 1 is the fraction of the larger grain size and φ m is the random close packing fraction in the monodisperse case, leading to the existence of a peak at around M = 30%. Note also the values of φ and φ ci generally increase as the size ratio increases. The theoretical curve included in Fig. 7(c) is from Ref. [27] for the asymptotic case where the small grains are infinitely smaller than the large grains. Figure 3 showed that the increased lubrication effect from adding smaller grains did not grow linearly with the mass fraction of the added material. For a small amount of added material the penetration depth changed minimally, whereas over 30% it greatly increased this depth. To graphically characterize this lubrication effect, we seek to present our data using a normalized contour plot to show the influence of the mass fraction M on the penetration depth. To do this, we first interpolate our data sets with a simple linear interpolation model. In this case the value of an expected penetration depth is calculated as follows. For a given impact velocity V o , we assume that the addition of M% of the small material will linearly increase the penetration depth from the δ value for the pure large grains (M = 0%) up to the δ value for the small grains (M = 100%). This is schematically shown in Fig. 8 and expressed mathematically as
F. Interpolation model
We next take the ratio of the measured penetration depth δ to that predicted by this model, i.e., β = δ/δ model . This ratio is plotted as an elevation contour in Fig. 9 , for all three bidisperse combinations over the full range of impact velocities from Fig. 3 . Note that a value of β < 1 indicates a smaller penetration depth than the linear model, whereas β > 1 indicates a larger penetration depth than expected. The contour plots in Fig. 9 make it clear that the deviations from the linear model are larger when the ratio of the two grain sizes is larger [see Figs. 9(b) and 9(c)] than for the mixture of the grains which are closest in size to each other, i.e., for the case of 178-μm grains in 520-μm grains shown in Fig. 9(a) . In Fig. 9 (a) the only significant deviations are observed at a combination of low mass fractions (M < 30%) and low velocities, where β ≈ 1.5 in a region of the data. On the other hand, for the cases with larger differences in grain sizes, for mixtures of 31-μm grains in 178-μm grains [ Fig. 9(b) ] and for 31-μm grains in 520-μm grains [ Fig. 9(c) ], there is a vertical ridge of maximum lubrication effects occurring at around 50-50 mixtures for all impact velocities. In Fig. 9 (b) this lubrication effect is quite pronounced with δ/δ model showing values between 60 and 85% above the linear interpolation model. In Fig. 9 (c) this ridge is less pronounced.
Besides the regions of lubricating effects, Figs. 9(b) and 9(c) also show reduced penetration for mass fractions below 30%. In this regime the work of Ref. [28] proposes that the small particles sitting in the space between the large particles are not part of the effective load-bearing chains or force networks, hence they are considered "rattlers." This comparison is particularly relevant for the large size ratios in Figs. 9(b) and 9(c) since they are close to or above the critical size ratio identified by Koeze et al. [28] of * ≈ 6.46.
IV. CONCLUSIONS
Herein, we have studied the penetration of impacting solid spheres into granular media, which consist of mixtures of two widely differently sized grains, i.e., bimodal media with smaller grains interspersed between larger grains.
By systematically varying the mass fraction ratios of two glass beads over a range of impact speeds [V 0 < 6 m/s, (1-100) , where FR is Froude number], we have identified mixture regimes where the addition of the small grains "lubricates" the impact, resulting in increased sphere-penetration depths, when compared to the corresponding monodispersed medium. This lubrication occurs even though the addition of the small grains increases the overall packing fraction of the bed, but requires a sufficiently large ratio of grain sizes, which we estimate to be between = 3 and = 5.7. Furthermore, small amounts of the finer grains do not lubricate and require M 30% for the effect to set in.
The penetration results could not be scaled with the packing-fraction methods used in earlier studies of monodisperse media, but rather required using different critical packing fractions for each bidisperse mixture.
Based on these results, we propose that the mechanism for lubrication is that the smaller grains get into the gaps between the larger grains, thereby propping them apart and promoting an effective lubrication by reducing the friction between the larger grains. This explains why sufficient mass fraction of smaller grains is needed, as a small number of them will simply act like rattlers, bouncing around in the voids between the larger grains, whereas above a critical mass fraction they begin to strongly influence the force chains between the large grains.
If reduced friction between the larger grains is at play, then this effect should be even more dramatic for large grains which have rough surfaces, where intergrain friction should be larger to start with and can be reduced even more by the small interlopers. This is indeed supported the data presented herein with rough Ottawa sand, where the largest lubrication effects are realized.
This work raises numerous open questions, the most important of which is how to disentangle the effects of the bidispersity and the packing fraction. The two are inherently linked and cannot be easily varied independently in experiments. Further investigations under reduced pressure would be helpful in pinpointing how the smaller grains cause the lubrication and how important the airflow is. The impact dynamics for multicomponent granular media [14, 21, 22, 32] appears to exhibit a complex dependence on the composition of the granular bed and therefore needs to be explored further by systematic variation of the composition and the packing fraction.
